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Essential Signatures and Canonical Bases for 
Irreducible Representations of 7^4. 

A. A. Gornitskii 


Abstract 

In the representation theory of simple Lie algebras, we consider the 
problem of constructing a “canonical” weight basis in an arbitrary irre¬ 
ducible finite-dimensional highest weight module. Vinberg suggested 
a method for constructing such bases by applying the lowering oper¬ 
ators corresponding to all positive roots to the highest weight vector. 
He proposed several conjectures on the parametrization and structure 
of such bases. It is already known that these conjectures are true for 
the cases An, Cn, G2, H3. In this paper, we prove these conjectures 
for the Lie algebra of type D^. 


1 Introduction 

Let g be a simple Lie algebra. One has the triangular decomposition g = 
u“©t©u, where u~ and u are mutually opposite maximal unipotent subalge¬ 
bras, and t is a Cartan subalgebra. 

One has: u = (cq, | a G A+), u“ = (e_Q, | a G A+), where A+ is the 
system of positive roots, e±a are the root vectors, and the symbol (...) stands 
for the linear span. 

We denote a hnite-dimensional irreducible g-module with highest weight 
A by e(A) and a highest weight vector in this module by vx. 

Various approaches to construction of canonical bases in V(A) are known: 
Gelfand-Tsetlin bases, crystal bases, etc. For instance, one constructs the 
crystal basis by applying the lowering operators corresponding to simple roots 
to the highest weight vector in a certain order; see [6]. Vinberg’s method |8] 
resembles the method for constructing crystal bases; the difference is that 
the lowering operators corresponding to all positive roots are applied to the 


highest weight vector. The basic concept used in this method is defined as 
follows. 

Definition 1. A signature is an {N + l)-tuple a = (A,pi,... ,pAr), where 
N is the number of positive roots numbered in a certain fixed order: A+ = 
{oi,..., a^}, X is a dominant weight, and Pi 

Set 

v{(t) = e^Ao,, ■ ■■■■ ■ vx. 

A is called the highest weight of a and the weight A — of vector 

v(a) is called the weight of a. Thus we have defined a vector in ld(A) for 
every signature with highest weight A. The vectors v(a) generate ld(A), but 
they are linearly dependent. Our goal is to select a basis of ld(A) from the 
set of all vectors v(a). 

This problem was solved in 0 . 0 . a. a for the algebras of types An, 
Cn, G2 and B3. Let C t be the coroot lattice, i.e., the lattice of vectors on 
which all weights take integer values. The signatures corresponding to the 
basis vectors are determined by a set of linear inequalities of the form 

^ ^ ^ijPj — X(^li), (1) 

j&Mi 

where Mi C N} are certain subsets, h G t^, a^- = 1 or 2 in type 

and Qij = 1 otherwise. 

In this paper, we solve the above problem for the Lie algebra of type D 4 . 
The basis vectors for are determined by a set of linear inequalities of the 
form (II]), where Oij = 1, 2 or 3 (Proposition 0]). 

Having announced the result for D^, we explain our approach to solving 
the problem in general. To this end, we need to equip the set of signatures 
with an order. Consider an arbitrary numbering of positive roots. Let us in¬ 
troduce an order on signatures with highest weight A. Let a = (A,pi,... ,pn) 
and a' = {X,p'i, ■ ■ ■ ,p'n)- Set 

N-i+l 

Pi’ 

i=i 

N-i+l 

= Y P'r 

i=i 
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Then cr < cr' if and only if (gi,..., qj^) < {q[,, q'j^) in the lexicographic 
order. 

Definition 2. A signature a is essential, ifv{a) ^ (n(r) | r < cr). 

The following fact is obvious. 

Proposition 1. The set | a essential} is a basis ofV{X). 

The essential signatures with given highest weight A parametrize the de¬ 
sired canonical basis of P(A). The following proposition was proved by Vin- 
berg. For convenience of the reader, we provide a proof in Section |2) 

Proposition 2. The essential signatures form a semigroup in tj © Z^. 

Now we proceed to the hrst conjecture of Vinberg about the structure of 
the set of essential signatures. 

Conjecture 1. The semigroup of essential signatures is generated by the 
essential signatures of fundamental highest weights. 

Let us formulate other conjectures of Vinberg. Let S C tg © be the 
semigroup of essential signatures and let Sq be the rational cone spanned 
by S. Then this cone can be dehned by linear inequalities. (The number of 
these inequalities is finite if Conjecture 1 holds.) 

Conjecture 2. The semigroup S is saturated, i.e., E = shrift ®z"). 

Conjecture 2 claims that the bases of P(A) are parametrized by lattice 
points of plane sections of some polyhedral cone. 

Conjecture 3. There exist a family of subsets Mi C {1,..., N} and a family 
of elements k G % such that the set of essential signatures a = (A,pi,... ,pAr) 
of highest weight A is given by the inequalities 

Pi < A(/i). 

j&Mi 

Conjecture 3 refines the structure of the polyhedral cone in Conjecture 2. 
As we already noted, in the cases and iA 4 , the set of essential signatures 
of highest weight A for the chosen numbering of positive roots is given by the 
inequalities of the form 
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^ ^ ^ijPj — 

j&Mi 

i.e., a modified version of Conjecture 3 holds. 

To prove the conjectures for we use the same method as in [1] . However 
we have a general approach which can be used to prove the conjectures for 
all Lie algebras of types An,Cn, B 3 , Di,G 2 . This will be published elsewhere. 

Let be the semigroup generated by the set of essential signatures of 
fundamental highest weights, be the rational cone spanned by S-f and 
S-f (A) be the set of signatures a of highest weight A such that a G Sq. 

In Section [3] we fix some numbering of positive roots of D 4 and find the 
inequalities defining the cone Sq (see Proposition 0]). Then we prove: 

Theorem 1. S^(A + p) = S-^(A) + E^(p). 

Finally, we prove: 

Theorem 2. For an arbitrary dominant weight \, 

|E^(A)| =diml/(A). 

Theorems 1, 2 together with Proposition [2] imply that S = S'f and that 
Conjectures 1, 2 and a modified version of Conjecture 3 are true for the Lie 
algebra of type D^. 

2 The semigroup of essential signatures 

Now we show that the essential signatures of all highest weights form a 
semigroup. 

Let G be a simply connected simple complex algebraic group such that 
LieG = 0 . Let T be the maximal torus in G such that LieT = t and U be 
the maximal unipotent subgroup of G such that Lie U = u. Consider the 
homogeneous space G/U. Let B = T AU he the Borel subgroup. Then 

C|G/f^]= 0 C|G|f, 

A 

where 

C[G]f = {/ G C[G] I figtu) = Xit)f{g), ygeGA^T^ueU} 
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is the subspace of eigenfunctions of weight A for B acting on C[G] by right 
translations of an argument. Each subspace is hnite-dimensional 

and is isomorphic as a G-module (with respect to the action of G by left 
translations of an argument), to the space E(A)* of linear functions on E(A) 
(see [7], Theorem 3). The isomorphism is given by the formula: 

l/(A)*3a;i—where f^{g) = {uj,gvx). 

Let U~ be the maximal unipotent subgroup such that Lief/“ = u'. The 
function is uniquely determined by its restriction to the dense open subset 
U~-T-U] moreover 


f^{u ■t-u) = {u,u tuvx) = {uj,x{t)u Vx) = ), 

Vu eU,u~ e U~,t e T. 

Next, U~ = U-ai • • • • • U^aN, where = {exp(tea) | t G C} (see [5l Sec. X, 
§28.1]). Hence 


u = exp(tie_«J •... • exp(fAre_«j^). 


Thus we obtain 

^(m“) = (a;,exp(tie_„J • ... • exp(tjve_a^) • vx) 


E 


n* 


Pi 


(t=(A,pi,...,pjv) 


rip*! 


(a;,t;(a)). 


Proposition 3. A signature a is essential if and only if ]Q f^f is the least 
term in fui\u- for some u G 1/(A)* in the sense of the order introduced above. 

Proof. Let Y\t^f be the least term in fuj\u- for some u G H(A)*. Then u 
vanishes on all vectors v{t) with t < a and is nonzero at v{a). Consequently, 
v{a) cannot be expressed via v{t) with r < a, and hence a is essential. 

Conversely, let a be essential. Consider a function u that vanishes on 
v{t) for all essential r except for a. Obviously, fui\u- has the desired least 
term. □ 


Proof of Proposition\B Suppose that the least terms in f\u- and g\u- cor¬ 
respond to the essential signatures A and p. Then the least term in {f ■ g)\u- 
corresponds to the signature X + p. Hence A -|- p is essential. □ 
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3 Essential signatures in type D 4 

Consider the case ^ 4 . Let /9i, / 92 , /Ss, be the set of simple roots for and 
let cai, a; 2 , 1 ^ 3 , 1^4 be the fundamental weights: 




(^1 1^2 



(3i 


Denote the weights of the representation V{uji) by ±ei, ±£ 2 , ±£ 3 , ±£ 4 - 
One has: 

(5i = El — 82 132 = £2 — ^3 l3s = ^3 ~ ^4 (3/1 = e^-\- £4. 

Let us number the positive roots as follows: 


Oil — £1 + £2 
0:4 = £3 + £4 
0:7 = £1 — £3 

ttio = £2 — £4 


a 2 — £2 3- £3 
tts = £2 + £4 
ag = £1 — £4 
Oil! = £2 — £3 


0:3 — £1 + £3 
ttg = £i -\- £4 
0^9 = £3 ~ £4 
Oil2 = £1 — £2 


Now we need to obtain all essential signatures of fundamental highest 
weights. 

The representations of highest weights cui, a; 3 , Ci ;4 have one-dimensional 
weight subspaces. Hence it is easy to hnd essential signatures. Indeed, to 
obtain the essential signature of the weight fi we just need to hnd the minimal 
signature a such that the vector v{(j) has weight /i. 

Here are the essential signatures of highest weight Ui (the highest weight 
component is omitted): 


1 . ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
3. (0,0, 0,0, 0,0, 0,1, 0,0, 0,0) 
5. (0,0, 0,0, 0,1, 0,0, 0,0, 0,0) 
7. (1,0, 0,0, 0,0, 0,0, 0,0, 0,0) 


2 . ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 ) 
4. (0,0, 0,0, 0,0,1,0, 0,0, 0,0) 
6 . ( 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
8 . ( 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 ). 


Here are the essential signatures of highest weight Ug (the highest weight 
component is omitted): 
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1 . ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 

3. (0,0, 0,0, 0,0, 0,0,1,0, 0,0) 
5. (0,0,1,0, 0,0, 0,0, 0,0, 0,0) 
7. (1,0, 0,0, 0,0, 0,0, 0,0, 0,0) 


. ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 ) 

. ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 ) 

. ( 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 

. ( 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 ). 


Here are the essential signatures of highest weight U 4 (the highest weight 
component is omitted): 


1 . ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
3. (0,0, 0,0,1,0, 0,0, 0,0, 0,0) 
5. (0,0,1,0, 0,0, 0,0, 0,0, 0,0) 
7. (1,0, 0,0, 0,0, 0,0, 0,0, 0,0) 


2 . ( 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ) 

4. (0,0, 0,1, 0,0, 0,0, 0,0, 0,0) 
6 . ( 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
8 . ( 0 , 1 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ). 


The representation of highest weight 002 is the adjoint representation. If 
/r 7 ^ 0 is a weight of the representation V{u 2 ), then the weight subspace 
is one-dimensional, and dimVo = 4. It is easy to verify that the vectors 
v{ai), where < 7 ^ are the four minimal signatures of weight 0, {i = 1,2, 3,4), 
are linearly independent. Here are the essential signatures of highest weight 
U 2 (the highest weight component is omitted): 


1 . ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 

3. (0,0, 0,0, 0,0, 0,0,0, 

5. (0,0, 0,0, 0,0,1,0,0, 
7. (0,0, 0,0,1,0, 0,0,0, 
9. (0,1, 0,0, 0,0, 0,0,0, 
11 . ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1,0 
13. (0,0,1,0, 0,0, 0,0,0 
15. (1,0, 0,0, 0,0, 0,0,0 
17. (0,0,1,0, 0,0, 0,0,0 
19. (0,0, 0,0, 0,1, 0,1,0 
21 . ( 1 , 0 , 0 , 0 , 0 , 0 , 0 , 1,0 
23. (0,1, 0,0, 0,1, 0,0,0 
25. (1,0, 0,0,1,0, 0,0,0 
27. (1,1, 0,0, 0,0, 0,0,0 


0 , 0 , 0 ) 

2 . 

0 

o' 

0 "' 

0 "' 

1 , 0 , 0 ) 

4. 

0 

0 "' 

o"' 

0 " 

0 , 0 , 0 ) 

6 . 

0 

0 "' 

0 "' 

0 " 

0 , 0 , 0 ) 

8 . 

( 0 , 0 , 1,0 

0 , 0 , 0 ) 

10 . 

( 1 , 0 , 0 , 

, 0 , 1 , 0 ) 

12 . 

0 "' 

0 "' 

0 "' 

, 0 , 1 , 0 ) 

14. 

( 0 , 1 , 0 , 

, 0 , 1 , 0 ) 

16. 

0 "' 

0 "' 

o"' 

, 1 , 0 , 0 ) 

18. 

( 1 , 0 , 0 , 

, 0 , 0 , 0 ) 

20 . 

0 "' 

0 " 

0 "' 

, 0 , 0 , 0 ) 

22 . 

( 1 , 0 , 0 , 

, 0 , 0 , 0 ) 

24. 

( 1 , 0 , 0 , 

, 0 , 0 , 0 ) 

26. 

( 1 , 0 , 1 , 

, 0 , 0 , 0 ) 

28. 

( 2 , 0 , 0 , 


, 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 ) 
, 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 ) 
, 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ) 
, 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
0 , 0 , 1 , 0 , 0 , 0 , 0 , 1 , 0 ) 
0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 ) 
0 , 0 , 1 , 0 , 0 , 0 , 1 , 0 , 0 ) 
0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 ) 
0 , 1 , 0 , 0 , 1 , 0 , 0 , 0 , 0 ) 
0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 ) 
0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ) 
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ). 


Recall that S-f is the semigroup generated be the essential signatures of 
fundamental highest weights and Sq is the rational cone spanned by S-f. We 
use the following notation for the coordinates of a dominant weight in the 
basis of fundamental weights: A = kiUi + k 2 UJ 2 + k^u^ -|- k^u^. 
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Proposition 4. The cone Sq is given by the inequalities: 

1 . pi2 < fci 

2. pii < k2 

3 . P9 < fcs 

P4 < fc4 

5. P7+P11 + P12 < fcl + ^2 

6. P7 + P8 + P9 + PIO + P12 < fcl + fc2 + fcs 

7. P7 + P9 + PlO + Pll + P12 < fci + fc2 + fcs 

8 . P9+P10 + Pll < ^2 + fcs 

9 . P4 + PS + P6 + P7 + P12 < fcl + A:2 + A:4 

10 . P4 + PS + P7 + Pll + P12 < fcl + fc2 + ^4 

11 . P4+PS +P11 < fc2 + fc4 

^2. P2 + P4 + PS + P9 + PlO < fc2 + fcs + fc4 

13 . P4 + PS + P9 + PlO + Pll < fc2 + fcs + fc4 

14 . P3 + P4 + PS + P6 + P7 + P9 + P12 < fcl + fc2 + fcs + fc4 

15 . P2 + PS + P4 + PS + P7 + P9 + P12 < fcl + fc2 + fcs + fc4 

16 . P2 + PS + P4 + P7 + P8 + P9 + P12 < fcl + fc2 + fcs + fc4 

n. P2 + P4 + P7 + P8 + P9 + PIO + P12 < fcl + fc2 + fcs + fc4 

18 . P4 + PS + P7 + P9 + PIO + Pll + P12 < fcl + fc2 + fcs + fc4 

19 . P2 + P4 + PS + P7 + P9 + PIO + P12 < fcl + fc2 + fcs + fc4 

20 . pi + PS + P4 + PS + P6 + P7 + P8 + P9 + Pll < fcl + 2fc2 + fcs + fc4 

21 . pi + P2 + PS + P4 + PS + P7 + P8 + P9 + Pll < fcl + 2fc2 + fcs + fc4 

22 . P3 + P4 + PS + P6 + P7 + P8 + P9 + Pll + P 12 < fcl + 2fc2 + fcs + fcs 

23 . P2 + PS + P4 + PS + P7 + P8 + P9 + Pll + PI 2 < fcl + 2fc2 + fcs + fcs 

24 . Pi + P2 + P4 + PS + P7 + P8 + P9 + PlO + Pll < fcl + 2fc2 + fcs + fcs 

25 . P2 + P4 + PS + P7 + P8 + P9 + PlO + Pll + PI 2 < fcl + 2fc2 + fcs + fcs 

26 . Pi + PS + PS + P6 + P7 + P8 + P9 + PlO + Pll < fcl + 2fc2 + fcs + fc4 


21 . PS + PS + P6 + P7 + P8 + P9 + PlO + Pll + PI 2 < fcl + 2fc2 + fcs + fcs 



28. P2 + P3 + Pi + P5 + P7 + PS + 2p9 + PlO + Pll + P12 < fcl + 2fc2 + 2k3 + 

29. P3 + Pi + PS + P 6 + P7 + PS + 2p9 + PIO + pil + P12 < fcl + 2k2 + 2k3 + ki 

30. Pi + P2 + P3 + Pi + PS + P7 + PS + 2p9 + PlO + Pll < kl + 2k2 + 2fc3 + k 4 , 

31. pi + P3 + P4 + P5 + P6 + P7 + P8 + 2p9 + pio + pil < fcl + 2fc2 + 2fc3 + ki 

32. P2 + Pi + PS + P7 + PS + 2p9 + 2pio + Pll + P12 < fcl + 2fc2 + 2fc3 + fc4 

33. P2+P3 + 2p4 + P5 + P6 + P7 + P8 + P9 + Pll + P12 < fcl + 2fc2 + fcs + 2fc4 

54. P2 + 2p4 + PS + P6 + P7 + P8 + P9 + PIO + Pll + P12 < fcl + 2fc2 + fcs + 2fc4 

55. Pi + P2 + P3 + 2p4 + PS + P6 + P7 + P8 + P9 + Pll < fcl + 2fc2 + fcs + 2fc4 

56. Pi + P2 + 2p4 + PS + P6 + P7 + P8 + P9 + PlO + Pll < fcl + 2fc2 + fcs + 2fc4 

57. P2 + P3 + 2p4 + 2p5 + P6 + P7 + P9 + Pll + P12 < fcl + 2fc2 + fc3 + 2fc4 

38. P 2 + 2p4 + 2p5 + P6 + P7 + P9 + PIO + Pll + P12 < fcl + 2fc2 + fc3 + 2fc4 

39. P3 + P4 + PS + P6 + 2p7 + P8 + P9 + Pll + 2pi2 < 2fcl + 2fc2 + fcs + fc4 

40 . Pi + PS + P 6 + 2p7 + P8 + P9 + PlO + Pll + 2pi2 < 2fci + 2fc2 + fcs + fc4 

41 . P2 + P3 + P4 + PS + 2p7 + P8 + P9 + Pll + 2pi2 < 2fcl + 2fc2 + fcs + fc4 

42 . P 2 + Pi + PS + 2p7 + P8 + P9 + PlO + Pll + 2pi2 < 2fei + 2fc2 + fcs + fc4 

.^5. pi + P2 + P3 + 2p4 + PS + P6 + P7 + P8 + 2p9 + pio + pil < fcl + 2fc2 + 2fc3 + 2fc4 

44 . P2+P3 + 2p4 + PS + P6 + P7 + P8 + 2p9 + PlO + Pll + Pl2 < fcl + 2fc2 + 2fc3 + 2fc4 

45 . P 2 + P3 + 2p4 + 2p5 + P6 + P7 + 2p9 + pio + pil + P12 < fcl + 2fc2 + 2fc3 + 2fc4 

46. P2+P3 + 2p4 + PS + P6 + 2p7 + P8 + P9 + pil + 2pi2 < 2fci + 2fc2 + fcs + 2fc4 

47 . P2 + 2p4 + PS + P6 + 2p7 + P8 + P9 + PlO + Pll + 2pi2 < 2fcl + 2fc2 + fcs + 2fc4 
P2 + P3 + 2p4 + 2p5 + P6 + 2p7 + P9 + Pll + 2pi2 < 2fci + 2fc2 + fcs + 2fc4 

.^9. P2 + 2p4 + 2p5 + P6 + 2p7 + P9 + PlO + Pll + 2pi2 < 2fci + 2fc2 + fcs + 2fc4 

50. P 2 + P3 + Pi + PS + 2 p 7 + P8 + 2p9 + pio + Pll + 2pi2 < 2fcl + 2fc2 + 2fc3 + ki 

51. PS + P4 + PS + P6 + 2p7 + P8 + 2p9 + PlO + Pll + 2pi2 < 2fci + 2fc2 + 2fc3 + k^ 

52. P2 + Pi + PS + 2p7 + P8 + 2p9 + 2pio + Pll + 2pi2 < 2fci + 2fc2 + 2fc3 + fc4 

55. P2 + P3 + 2p4 + PS + P6 + 2p7 + P8 + 2p9 + pio + Pll + 2pi2 < 2fci + 2fc2 + 2fc3 + 2fc4 

54 . P2+P3 + 2pi + 2p5 + P6 + 2p7 + 2p9 + pio + Pll + 2pi2 < 2fcl + 2fc2 + 2fc3 + 2fc4 

55. P2 + PS + 2p4 + 2p5 + P6 + P7 + P8 + P9 + 2pil + pi2 < fcl + 3fc2 + fcs + 2fc4 

56. P2 + 2p4 + 2p5 + P6 + P7 + P8 + P9 + PIO + 2pil + pi2 < fcl + 3fc2 + fcs + 2fc4 
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57. Pi + P2 + P3 + 2p4 + 2p5 + P6 + P7 + P8 + P9 + 2pii < fcl + 3fc2 + ^3 + 2A:4 

58. Pi + P2 + 2p4 + 2p5 + P6 + P7 + P8 + P9 + PlO + 2pii < fcl + 3fc2 + fcs + 2A:4 

59. Pi + P2 + 2p4 + 2p5 + P6 + P7 + P8 + 2p9 + 2pio + 2pii < fcl + 3fc2 + 2fc3 + 2fc4 

59. P2 + 2p4 + 2p5 + P6 + P7 + P8 + 2p9 + 2pio + 2pil + P12 < fcl + 3fc2 + 2fc3 + 2fc4 
61. Pi + P2 + 2p4 + 2p5 + P6 + 2p7 + P8 + P9 + piQ + 2pii + pi2 < 2fci + 3fc2 + fc3 + 2fc4 
52. pi + P2 + P3 + 2p4 + 2p5 + P6 + 2p7 + P8 + P9 + 2pil + pi2 < 2fcl + 3fc2 + fc3 + 2fc4 

63. pi + P2 + 2p4 + 2p5 + P6 + 2p7 + P8 + 2p9 + 2pio + 2pil + P12 < 2fci + 3fc2 + 2fc3 + 2fc4 

54. P2 + P3 + 2p4 + 2p5 + P6 + P7 + P8 + 3p9 + 2pio + 2pii + pi2 < fcl + 3fc2 + 3fc3 + 2fc4 

55. pi + P2 + P3 + 2p4 + 2p5 + P6 + P7 + P8 + 3p9 + 2pio + 2pil < fcl + 3fc2 + 3fc3 + 2fc4 
55. P2 + P3 + 2p4 + 2p5 + P6 + 3p7 + P8 + P9 + 2pil + 3pi2 < 3fcl + 3fc2 + fc3 + 2fc4 

57. P2 + 2p4 + 2p5 + P6 + 3p7 + P8 + P9 + PlO + 2pii + 3pi2 < 3fcl + 3fc2 + fc3 + 2fc4 
68 . P2 + P3 + 2p4 + 2p5 + P6 + 3p7 + P8 + 3p9 + 2pio + 2pil + 3pi2 < 3fcl + 3fc2 + 3fc3 + 2fc4 

59. Pi + P2 + P3 + 2p4 + 2p5 + P6 + 2p7 + P8 + 3p9 + 2pio + 2pii + P12 < 2fci + 3fc2 + 3fc3 + 2fc4 

79. P2 + 2p4 + 2p5 + P6 + 3p7 + P8 + 2p9 + 2pio + 2pii + 3pi2 < 3fci + 3fc2 + 2fc3 + 2fc4. 

Proof. We have found all essential signatures of fundamental highest weights. 
Hence we have the inequalities dehning the dual cone (Sq)^. (A covector v 
is in if and only if the pairing {v,ai) is nonnegative for each essen¬ 

tial signature Uj of fundamental highest weight.) To obtain the inequalities 
dehning the cone Sq we need to hnd generators of the dual cone (Sq)^. It 
can be done by using a standard algorithm for hnding generators of a cone 
dehned by linear inequalities in d-dimensional vector space. We select d — 1 
inequalities and turn them into equalities, thus obtaining a system of linear 
equations. Of all these systems, we select systems of maximal rank (i.e., sys¬ 
tems with one-dimensional space of solutions). For each system of maximal 
rank, we check whether a non-zero solution of it or the opposite vector is in 
the cone. These vectors are the desired generators. □ 

Recall that we denote a set of signatures of highest weight A satisfying 
the above inequalities by S-I(A). 
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Proof of TheoremUl Let a = (A,pi,... ,^ 12 ) G S-^(A) and let A = kicui + 
k 20 J 2 +k^uj^+kiOJ 4 ^. It is enough to find an essential signature r = (a;,, gi,..., qi 2 ) 
of highest weight Ui such that a — r G S-f (A — Ui). 

To prove the Theorem we find some essential signatures r of fundamental 
highest weights such that either a — r G S-^(A — uf) or the conditions of 
the form = 0 holds. Arguing like that, we reduce the problem to the 
case where a has a simple structure. In this case we show directly that a is 
representable as a sum of essential signatures of fundamental highest weights. 

To verify that cr —r G S'f(A — uji) we have to check that, after subtracting 
r, the left-hand side of each inequality decreases not less than right-hand 
side. Note that if we suppose Ps = 0 for some s = 1,..., 12 then we need to 
check condition above only for essential inequalities. For example, if p^ = 0 
for all i 7 ^ 12 , then we have only one inequality (the first inequality) to check. 

We use a notation (ui,j, k) for the essential signature (cji, si,..., S 12 ) of 
highest weight Ui with Sj = = 1 and s; = 0 for Z 7 ^ k,j] {u)i,j) stands for 

the essential signature of highest weight cuj with Sj = 1 and = 0 for Z 7 ^ j. 

Case ki, k 2 , ks, k 4 > 0. 

First we want to show that we can assume pi 2 = 0. 

Suppose Pi 7 ^ 0 andpi 2 7 ^ 0, then a—r G S-^(A—cui) for r = (wi, 1,12). Hence 
Pi = 0 or P12 = 0. If P12 = ki and pi = 0, then we can take r = (cni, 12). 
Hence we can assume pi = 0 ,pi 2 < ki. 

Next, if p 7 7 ^ 0, then take r = (cni, 7), hence we can suppose py = 0 ,pi 2 < ki 
and Pi = 0. In this case if pi 2 7 ^ 0, then r = (a;i,12). Thus we obtain 

P 12 = 0. 

If p 7 7 ^ 0, then take r = (wi, 7) hence we can assume pr = 0. 

If p 9 7 ^ 0, then take r = (cua, 9) hence we can assume pg = 0. 

If P 4 7 ^ 0 , then take r = (a; 4 ,4) hence we can assume p 4 = 0 . 

Now we show that we can suppose pio = 0. If pa 7 ^ 0 and pio 7 ^ 0, then take 

T = (cua, 3,10) hence we can assume pa = 0 or pio = 0. If pa = 0, then take 
T = (cua, 10) hence we obtain pio = 0. Thus we can assume pio = 0. 

Now we show that we can assume ps = 0. If pn = Zc 2 , then take r = (a; 4 , 5) 
hence we get ps = 0. If pn 7 ^ k 2 , then take r = (a; 2 , 5 , 8 ) hence we can 
assume ps = 0 or pg = 0 . 
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Suppose ps = 0. Then take r = (a; 4 , 2, 6 ) hence we obtain p 2 = 0 or pg = 0 or 
the inequality 11 turns into equality for a. In any case we can take r = 5) 

hence we get pg = 0 (the inequalities 35, 11 can not turn into equalities 
together, because otherwise the inequality 57 is violated). So ps = 0. 

Now we show that pg = 0. If p 2 7 ^ 0 and pg 7 ^ 0, then take r = (a; 4 , 2 , 6 ). 
Then p 2 = 0 or pg = 0. Suppose p 2 = 0, pg 7 ^ 0, then take r = (a; 4 , 6 ) hence 
we obtain pg = 0 or the inequality 16 turns into equality for a. If pg = 0, 
then take r = (a; 4 , 6 ) hence we can suppose pg = 0. If ps 7 ^ 0, then take 
T = (cus, 8 ) hence we get pg = 0 or the inequality 14 turns into equality. If 
both inequalities 14, 16 turn into equalities, then take r = (a; 2 , 6 , 8 ) hence 
we obtain pg = 0 or pg = 0. Thus we can assume pe = 0. 

If P 2 7 ^ 0, then take r = (a; 4 , 2) hence we get p 2 = 0. 

Thus only the coordinates Pi,P 3 ,P 8 ,Pii can be nonzero. Hence a is rep¬ 
resentable as a sum of essential signatures of fundamental highest weights 
(essential inequalities are 2, 6 , 16, 21). Indeed, we have the following in¬ 
equalities: 

1. pii < k2 

2 . Ps < ki + k2 + ks 

3. P3 + Ps < + ^2 + /i^3 + ki 

4. Pi + P3 + Ps + Pii < + 2A;2 + k 3 + ki. 

If Ps 7 ^ 0, then take r = ( 023 , 8 ) hence we can assume pg = 0. If pg 7 ^ 0, then 
take r = ( 021 , 8 ) hence we obtain pg = 0. If pn 7 ^ 0 and pi 7 ^ 0, then take 
r = (a; 2 ,Pi,Pii) hence we get pn = 0 or pi = 0. Finally, take r = ( 022 ,1) or 
T = {uj2,pn). 

Thus we reduced a to zero. 

We have considered the case ki,k 2 ,ks,ki > 0. For arbitrary fci,/c 2 ,/cg,/C 4 
we still may assume pi 2 = 0 , p 4 = 0 , pg = 0 using the same arguments as 
above. Moreover, if ki 7 ^ 0, then take r = ( 021 , 7 ) hence we get p 7 = 0. If 
ki = 0, /c 2 7 ^ 0 ,pi 7 ^ 0 , then take r = ( 022 ,1, 7) hence we obtain p 7 = 0 or 
Pi = 0. If ki = 0,k2 ^ 0,pi = 0, then take r = ( 022 , 7) hence we get pi = 0. 
Finally, if ki = 0 ,A ;2 = 0, then p 7 = 0 (inequality 5). Thus we can assume 
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P 7 = 0 in any case. 

If 7 ^ 0, then take r = 3,10) hence we obtain pa = 0 or pio = 0. If 

= 0,k2 ^ 0, then take r = { 002 , 3,10) ps = 0 or pio = 0. If k^ = 0,k2 = 0, 
then pio = 0 (inequality 8). Thus we can assume ps = 0 or pio = 0 in any 
case. 


Case ki, k 2 , k 4 > 0, ka = 0. 

From the arguments above we get pa = 0 or pio = 0. We want to show that 
we can suppose pio = 0. Suppose pa = 0. 

If P 2 7 ^ 0 and pe 7 ^ 0, then take r = (a; 4 , 2, 6 ) hence we obtain p 2 = 0 or 
Pe = 0 or the inequality 13 turns into equality. In the last case necessarily 
Ps 7 ^ 0 (see inequality 8 ) and then r = (a; 4 , 5). Hence p 2 = 0 or pe = 0. 

If Pe = 0 and pi 7 ^ 0, then take r = (uj 2 , 1,10) hence we get pi = 0 or pio = 0. 
If pe = 0,pi = 0, then take r = (u 2 , 10) hence we can assume pio = 0. Thus 
Pio = 0 in the case pe = 0. 

If p 2 = 0, pe 7 ^ 0, then take r = (a; 2 , 6 ,10) hence we obtain pe = 0 or pio = 0. 
Thus we can assume pio = 0. 

Now we can use the arguments from the case ki, k 2 , k^, k^ > 0 with (cua, 8 ) 
replaced by (cui, 8 ). 

Case k 4 = 0, ki, k 2 , ka > 0. 

We can suppose pio = 0, and ps = 0 or pg = 0 (see the case ki, k 2 , k^, k 4 > 0). 
If Ps = 0 and pi 7 ^ 0, then take r = (a; 2 ,1, 5) hence we get ps = 0 or pi = 0. 
If Ps = 0 and pi = 0, then take r = {u 2 , 5) hence we obtain ps = 0. Thus we 
can assume ps = 0 . 

If P 2 7 ^ 0 and pe 7 ^ 0, then take r = {u 2 , 2, 6 ) hence we get p 2 = 0 or pg = 0. 
We want to show that it is enough to assume pg = 0. 

If P 2 = 0, Pg 7 ^ 0, then take r = (cai, 6 ) hence we obtain pg = 0 or the 
inequality 16 turns into equality for a. 

If Ps = 0, then take r = (a; 2 , 6 ) hence we can suppose pg = 0. 

If Pg 7 ^ 0 and Ps 7 ^ 0, then take r = (wg, 8 ) hence we get pg = 0 or the 
inequality 14 turns into equality for a. 

If the inequalities 14 and 16 turn into equalities together for a, then take 
T = {u 2 , 6 , 8 ) hence we obtain pg = 0 or pg = 0. Thus pg = 0 in any case. 

If p 2 7 ^ 0, then take r = (cug, 2) hence we get p 2 = 0. Thus we obtain that 
only coordinates Pi,P 3 ,P 8 ,Pii can be nonzero. Now it easy to see that a 
is representable as a sum of the essential signatures of fundamental highest 
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weights (essential inequalities are 2, 6, 16, 21). 


Case k 2 = 0, ki, ks, k 4 > 0. 

And again we can suppose that pio = 0. 

If ps 7 ^ 0, then take r = (cus, 5) hence we get ps = 0. Then we can use the 
same arguments as in the case above with one modihcation: if pg 7 ^ 0, then 
r = (cug, 8) is suitable in any case (if inequality 14 turns into equality, then 
the inequality 20 is violated). 


Case ki = 0, k 2 , ks, k 4 > 0. 

See the case ki, k 2 , k^, k^ > 0. 


Case k 2 , ka > 0, ki = 0, k 4 = 0. 

We can assume pio = 0, Ps = 0, and p 2 = 0 or pg = 0 (see the case 
ki,k 2 ,ks > 0,k4 = 0). If pe = 0, then see the case ki,k 2 ,k^ > 0, A ;4 = 0. 
If P 2 = 0 and Ps ^ 0, then take r = (cus, 3) hence we get ps = 0. 

If Ps 7 ^ 0, then take r = (^ 3 , 8 ) hence we obtain ps = 0. Thus we obtain 
that only Pi,P 6 ,Pii can be nonzero. It is easy to see that a is representable 
as a sum of the essential signatures of fundamental highest weights (essential 
inequalities are 2, 9, 20). 

Case k 2 , k 4 > 0, ki = 0, ka = 0. 

We can assume pio = 0, ps = 0 and p 2 = 0 or pg = 0 (see the case /cs = 
0, /ci, k 2 , k^ > 0). If p 2 = 0 and ps 7 ^ 0, then take r = (a; 4 , 3) hence we get 
Pa = 0. Next if pg 7 ^ 0, then take r = (a; 4 , 6 ) hence we can assume pe = 0. 
If Pg = 0, then see the case ki, k 2 , k^, k^ > 0. 

Case ki, k 2 > 0, ka = 0, k 4 = 0. 

We have ps = 0 or pig = 0. We want to show that pio = 0 is the only case 
needed to be considered. 

If Ps = 0 and pg 7 ^ 0, then take r = {uj 2 , 6 ,10) hence we get pg = 0 or pio = 0. 
If Ps = 0,pg = 0 and pi 7 ^ 0, then take r = {uj 2 , 1,10) hence we obtain pi = 0 
or pio = 0 . 

If Ps = 0,pg = 0,pi = 0, then take r = { 0 J 2 , 10) hence we get pio = 0. Thus 
in any case we can assume pio = 0 . 

The arguments from the case ^4 = 0, /ci, /c 2 , /cs > 0 show that we can suppose 
Ps = 0 and p 2 = 0 or pg = 0. 
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If P 2 = 0 and p 3 7 ^ 0, then take r = (cni, 3) hence we get ps = 0. Tims only- 
coordinates Pi,P6,P8,Pii can be nonzero. And a is representable as a snm of 
the essential signatnres of fnndamental highest weights (essential ineqnalities 
are 2, 6, 9, 43). 

If Pe = 0 and pa ^ 0, then take r = (cji, 3) hence we obtain ps = 0. Thns 
only coordinates Pi,P 2 ,P 8 )Pii can be nonzero. And a is representable as 
a snm of the essential signatnres of fnndamental highest weights (essential 
inequalities are 2, 12, 16, 43). 

The remaining cases: 

1. ki, fcs > 0, /c2 = A:4 = 0 

2. /ci, ^4 > 0, /C2 = ^3 = 0 

3. /cs, ^4 > 0, /C2 = fci = 0 

4. /C2 > 0, /ci = ^3 = /C4 = 0 

5. fci > 0, A:2 = ^3 = ^4 = 0 

6. fcs > 0, fci = ^2 = ^4 = 0 

7. /c4 > 0, fci = ^3 = A;2 = 0. 

All these cases are trivial and can be partially reduced to the considered 
ones. For example, let us consider the case 4. 

We can assume pi 2 = 0, p 4 = 0, pg = 0, p 7 = 0, pio = 0, ps = 0, and P 2 = 0 
or pe = 0 (see the case ki,k 2 >0,^3 = 0,^4 = 0). If pe = 0, then only 
the coordinates Pi,P 2 ,P 3 ,P 8 ,Pii can be nonzero. Hence a is representable 
as a sum of essential signatures of fundamental highest weights (essential 
inequalities are 2, 16, 21). 

If p 2 = 0, then only the coordinates Pi,P 3 ,P 6 ,P 8 )Pii can be nonzero. Hence 
a is representable as a sum of essential signatures of fundamental highest 
weights (essential inequalities are 2, 14, 16, 20). 

All the remaining cases can be considered by using similar arguments. 

□ 

Proof of Theoreml^ Let A = kicoi + k 20 J 2 + k^oj^ + ki 0 j 4 ^. We need to show 
that dimH(A) = |S7(A)| for all dominant weights A. By ([H Sec. 5.4]) there 
exists a 4-variate polynomial f{xi,X 2 ,X 3 ,X 4 ) of total degree < 12 such that 

/(A;4,fc2,fc3,A:4) = |S^(A)|, 
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for an arbitrary dominant weight A. By Weyl’s dimension formnla there 
exists another 4-variate polynomial w{xi,X 2 ,X 2 ,,Xi) of degree 12 snch that 

w{ki, k 2 , h, /C 4 ) = diml/(A), 
for an arbitrary dominant weight A. 

To prove that w{xi,X 2 ,X 3 ,X 4 ) = f{xi, X 2 ,X 3 ,X 4 ) it is enongh to verify this 
for all qnadrnples of non-negative integers mi,m 2 ,m 3 , 1 x 14 ^ snch that mi -|- 
^2 + ^3 + ^4 < 12 m Sec. 5.4]). This can be easily done by nsing a 
compnter. □ 
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